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Abstract 

A spectral theory of linear operators on a rigged Hilbert space is applied to Schrodinger 
operators with exponentially decaying potentials and dilation analytic potentials. The 
theory of rigged Hilbert spaces provides a unified approach to resonances (generalized 
eigenvalues) for both classes of potentials without using any spectral deformation tech¬ 
niques. Generalized eigenvalues for one dimensional Schrodinger operators (ordinary 
differential operators) are investigated in detail. A certain holomorphic function D(/l) is 
constructed so that D(/l) = 0 if and only if d is a generalized eigenvalue. It is proved that 
D(/l) is equivalent to the analytic continuation of the Evans function. In particular, a new 
formulation of the Evans function and its analytic continuation is given. 
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1 Introduction 

A spectral theory of linear operators is one of the fundamental tools in functional analysis 
and well developed so far. Spectra of linear operators provide us with much informa¬ 
tion about the operators such as the asymptotic behavior of solutions of linear differential 
equations. However, there are many phenomena that are not explained by spectra. For 
example, transient behavior of solutions of differential equations is not described by spec¬ 
tra; even if a linear operator T does not have spectrum on the left half plane, a solution 
of the linear evolution equation dx/dt = Tx on an infinite dimensional space can decay 
exponentially as t increases for a finite time interval. Now it is known that such transient 
behavior can be induced by resonance poles or generalized eigenvalues, and it is often 
observed in infinite dimensional systems such as plasma physics [|51, coupled oscillators 
[|21[T7]I and Schrodinger equations [l91fT^. 

In the literature, resonance poles for Schrodinger operators -A -l- V are defined in 
several ways. When a wave operator and a scattering matrix can be defined, resonance 
poles may be defined as poles of an analytic continuation of a scattering matrix [[T2]l . 
When a potential V{x) decays exponentially, resonance poles can be defined with the aid 
of certain weighted Lebesgue spaces, which is essentially based on the theory of rigged 
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Hilbert spaces IfTTlI . When a potential has an analytic continuation to a sector around the 
real axis, spectral deformation (complex distortion) techniques are often applied to define 
resonance poles, see S and references therein. 

The spectral theory based on rigged Hilbert spaces (Gelfand triplets) was introduced 
by Gelfand et al.flSl to give generalized eigenfunction expansions of selfadjoint opera¬ 
tors. Although they did not treat with resonance poles, the spectral theory of resonance 
poles (generalized spectrum) of selfadjoint operators based on rigged Hilbert spaces are 
established by Chiba 0 without using any spectral deformation techniques. 

Let be a Hilbert space, X a topological vector space, which is densely and continu¬ 
ously embedded in 'H, and X' a dual space of X. A Gelfand triplet (rigged Hilbert space) 
consists of three spaces X c 'H c X'. Let T be a selfadjoint operator densely defined on 

The resolvent exists and is holomorphic on the lower half plane, while it does 

not exist when A lies on the spectrum set cr{T) c R. However, for a “good” function 0, 
{A-T)~^(f) may exist on cr{T) in some sense and it may have an analytic continuation from 
the lower half plane to the upper half plane by crossing the continuous spectrum on the real 
axis. The space X consists of such good functions with a suitable topology. Indeed, under 
certain analyticity conditions given in Sec.2, it is shown in 0 that the resolvent has an 
analytic continuation from the lower half plane to the upper half plane, which is called the 
generalized resolvent Kx of T, even when T has the continuous spectrum on the real axis. 
The generalized resolvent is a continuous operator from X into X', and it is defined on a 
nontrivial Riemann surface of A. The set of singularities of on the Riemann surface is 
called the generalized spectrum of T. The generalized spectrum consists of a generalized 
point spectrum, a generalized continuous spectrum and a generalized residual spectrum 
set, which are defined in a similar manner to the usual spectral theory. In particular, a 
point A of the generalized point spectrum is called a generalized eigenvalue. If a gen¬ 
eralized eigenvalue is not an eigenvalue of T in the usual sense, it is called a resonance 
pole in the study of Schrodinger operators. A generalized eigenfunction, a generalized 
eigenspace and the multiplicity associated with a generalized eigenvalue are also defined. 
The generalized Riesz projection H is defined through a contour integral of "Rx as usual. 
In 0, it is shown that they have the same properties as the usual theory. For example, the 
range of the generalized Riesz projection H around an isolated generalized eigenvalue co¬ 
incides with its generalized eigenspace. Although this property is well known in the usual 
spectral theory, our result is nontrivial because Rx and H are operators from X into X', so 
that the resolvent equation and the property of the composition H o H = H do not hold. 
If the operator T satisfies a certain compactness condition, the Riesz-Schauder theory on 
a rigged Hilbert space is applied to conclude that the generalized spectrum consists of a 
countable number of generalized eigenvalues having finite multiplicities. It is remarkable 
that even if the operator T has the continuous spectrum (in the usual sense), the gener¬ 
alized spectrum consists only of a countable number of generalized eigenvalues when T 
satisfies the compactness condition. 

In much literature, resonance poles are defined by the spectral deformation techniques. 
The formulation of resonance poles based on a rigged Hilbert space has the advantage that 
generalized eigenfunctions, generalized eigenspaces and the generalized Riesz projec¬ 
tions associated with resonance poles are well defined and they have the same properties 
as the usual spectral theory, although in the formulation based on the spectral deformation 
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technique, correct eigenfunctions associated with resonance poles of a given operator T 
is not defined because T itself is deformed by some transformation. The defect of our 
approach based on a rigged Hilbert space is that a suitable topological vector space X has 
to be defined, while in the formulation based on the spectral deformation technique, a 
topology need not be introduced on X because resonance poles are defined by using the 
deformed operator on the Hilbert space fi, not X. Once the generalized eigenfunctions 
and the generalized Riesz projections associated with resonance poles are obtained, they 
can be applied to the dynamical systems theory. The generalized Riesz projection for an 
isolated resonance pole on the left half plane (resp. on the imaginary axis) gives a stable 
subspace (resp. a center subspace) in the generalized sense. They are applicable to the 
stability and bifurcation theory O involving essential spectrum on the imaginary axis. 

In this paper, the spectral theory based on a rigged Hilbert space is applied to Schrodinger 
operators T = -A + V on L^(R'"), where A is the Laplace operator and V is the multipli¬ 
cation operator by a function V(x). Two classes of V will be considered. 

(I) Exponentially decaying potentials. Suppose that V satisfies e^°''^''V{x) e L^(R'”) for 
some a > 0. Then, a suitable rigged Hilbert space for T = -A -l- V is given by 

^2(Rm, ^ l\R"^) c L\R'\ e-^“^^dx). (1.1) 

When m is an odd integer, it is proved that the resolvent (T - T)~^ has a meromorphic 
continuation to the Riemann surface defined by 

P(a) = {A\ -a<lm(^fA) <a}, (1.2) 

(see Figl2l) as an operator from L^{R"\ into L^(R'", e^^^^dx). When m is an even 

integer, (d - T)~^ has a meromorphic continuation to a similar region on the logarithmic 
Riemann surface. 

(II) Dilation analytic potentials. Suppose that V 6 G(-a, a) for some 0 < a < n/l, 
where G{-a, a) is the van Winter space consisting of holomorphic functions on the sector 
{z| - a < arg(z) < a), see Sec.3.2 for the precise definition. Then, a suitable rigged 
Hilbert space for T = -A -l- V is given by 

G{-a, a) c l2(R'") c G(-cr, a)', (1.3) 

when m = 1,2,3. In this case, it is proved that the resolvent (d - T)"' has a meromorphic 
continuation to the Riemann surface defined by 

Q = {d I - 2;r - 2a < arg(d) < 2 q;}, (1.4) 

as an operator from G(-a, a) into G(-a, a)'. 

For both cases, we will show that T = -A -l- V satisfies all assumptions for our spectral 
theory given in Sec.2, so that the generalized resolvent, spectrum and Riesz projection 
are well defined. In particular, the compactness condition is fulfilled, which proves that 
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the generalized speetrum on the Riemann surfaee consists of a countable number of gen¬ 
eralized eigenvalues. This result may be well known for experts, however, we will give 
a unified and systematic approach for both classes of potentials. In the literature, ex¬ 
ponentially decaying potentials are investigated with the aid of the weighted Lebesgue 
space IfTTI as in the present paper, while for dilation analytic potentials, 

the spectral deformations are mainly used BUl. In the present paper, resonance poles are 
formulated by means of rigged Hilbert spaces without using any spectral deformations for 
both potentials. Once resonance poles are formulated in such a unified approach, a theory 
of generalized spectrum developed in [O is immediately applicable. The formulation of 
resonance poles based on rigged Hilbert spaces plays a crucial role when applying it to 
the dynamical systems theory because eigenspaces and Riesz projections to them are well 
defined as well as resonance poles. 

In Sec.4, our theory is applied to one dimensional Schodinger operators 

- — + y{x\ xeR. (1.5) 


For ordinary differential operators of this form, the Evans function E(/I) is often used 
to detect the location of eigenvalues. The Evans function for an exponentially decaying 
potential is defined as follows: let and ii- be solutions of the differential equation 




( 1 . 6 ) 


satisfying the boundary conditions 


^+(x, T)\ VTix 


and 


/r-(x, /l)\ vTi. 


-V^ ’ 


1 


(x oo). 


(x 




yix'_(x, X) ^ 

respectively, where Re( V^) > 0. Then, E(/l) is defined to be the Wronskian 


(1.7) 


( 1 . 8 ) 


E(/l) = //+(x, A)fi'_{x, T) - A)fi-(x, T). 


(1.9) 


It is known that E(/l) is holomorphic on {T | - 2n < arg(/l) < 0} (that is, outside the es¬ 
sential spectrum of S/dx^) and zeros of E(/l) coincide with eigenvalues of the operator 
(11.51) . see the review article ifTSll and references therein. In IfTOll and [Hi, it is proved for ex¬ 
ponentially decaying potentials that E(/l) has an analytic continuation from the lower half 
plane to the upper half plane through the positive real axis, whose zeros give resonance 
poles. 

One of the difficulties when investigating properties of the Evans function is that we 
have to compactifying the equation (11.61) by attaching two points x = +oo because /r+ are 
defined by using the boundary conditions at x = +oo. 

In the present paper, a certain function D(/l), which is holomorphic on the Riemann 
surface of the the generalized resolvent is constructed so that D(/l) = 0 if and only if 
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Fig. 1: A domain on which Elij/, (p]{(jS) is holomorphic. 


d is a generalized eigenvalue. In partieular, when the Evans funetion is well defined, it is 
proved that 

D(d) = ^^E(d). (1.10) 

2V^ 

As a eonsequence, it turns out that the Evans funetion has an analytie eontinuation to the 
Riemann surface of This gives a generalization of the results of [fTOll and 0, in whieh 
the existence of the analytie eontinuation of E(/l) is proved only for exponentially decay¬ 
ing potentials. Note also that the function D(/l) can be defined even when solutions /i+ 
satisfying ( 11 . 71 ) . ( 11 . 81 ) do not exist (this may happen when ^^V{x)\dx = oo). Properties of 
D(/l) follow from those of the generalized resolvent, and we need not eonsider the eom- 
paetifieation of Eq. dl.bl) . Our results reveal that the existenee of analytie eontinuations of 
the Evans funetions essentially relays on the faet that the resolvent operator of a differ¬ 
ential operator has an X'-valued analytie eontinuation if a suitable rigged Hilbert spaee 
X <zE{ <z X' can be eonstrueted. 

Throughout this paper, D(-) and R(-) denote the domain and range of an operator, 
respeetively. 


2 A review of the spectral theory on rigged Hilbert spaces 

This seetion is devoted to a review of the speetral theory on rigged Hilbert spaees devel¬ 
oped in |l3l . In order to apply Sehrodinger operators, assumptions given [|3l will be slightly 
relaxed. Eet “K be a Hilbert spaee over C and H a selfadjoint operator densely defined on 
Ti with the speetral measure {E(B)}Bes', that is, H is expressed as H = fj^a)dE(ci)). Eet 
K be some linear operator densely defined on Td. Our purpose is to investigate speetral 
properties of the operator T = El K. Eet O c C be a simply eonneeted open domain 
in the upper half plane sueh that the interseetion of the real axis and the elosure of O is a 
eonneeted interval 7. Eet I = I\dl be an open interval (see EigH]). Eor a given T = H + K, 
we suppose that there exists a locally convex Hausdorff veetor space X(0) over C satis¬ 
fying following conditions. 

(XI) X(0) is a dense subspaee of 77. 

(X2) A topology on X(0) is stronger than that on 77. 
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(X3) X(Q) is a quasi-complete barreled spaee. 

Let be a dual space of X(Q), the set of continuous anti-linear functionals on X(Q). 
The paring for (X(f2)',X(Q)) is denoted by (• | •). For fj. e X(Q)', (/> 6 X(f2) and a e C, 
we have a(/i | 0) = {an | 0) = (/i | acp). The space X(Q)' is equipped with the strong dual 
topology or the weak dual topology. Because of (XI) and (X2), "K', the dual of "K, is 
dense in X(Q)'. Through the isomorphism - "H', we obtain the triplet 

X(Q) c-K cX(Q)', (2.1) 


which is called the rigged Hilbert space or the Gelfand triplet. The canonical inclusion 
i : 'H ^ X{Q.y is defined as follows; for if/ G "H, we denote i{if/) by {if/\, which is defined 
to be 

«(<A)(0) = ((A 10) = (<A, 0), (2.2) 

for any (p G X(Q), where (•, •) is the inner product on 'H. The inclusion from X(f2) 
into X(f2)' is also defined as above. Then, i is injective and continuous. The topological 
condition (X3) is assumed to define Pettis integrals and Taylor expansions of X(Q)'-valued 
holomorphic functions. Any complete Montel spaces, Frechet spaces, Banach spaces 
and Hilbert spaces satisfy (X3) (we refer the reader to IfTFll for basic notions of locally 
convex spaces, though Hilbert spaces are mainly used in this paper). Next, for the spectral 
measure E{B) of H, we make the following analyticity conditions: 

(X4) For any (p G X(f2), the spectral measure {E{B)(p, (p) is absolutely continuous on the 
interval 7. Its density function, denoted by E[(p,(p]{ci)), has an analytic continuation to 
Q.UL 

(X5) For each d G 7 U the bilinear form £'[•,■ ](/l) : X(Q.) x X(f2) ^ C is separately 
continuous. 

Due to the assumption (X4) with the aid of the polarization identity, we can show that 
(E(B)(p, ip) is absolutely continuous on 7 for any (p,il/ € X{Q.). Let E[(p, iA](a») be the 
density function; 

d{E{(jo)(p, if/) = E[(p, if/](co)da), a> £ L (2.3) 

Then, E[(p, if/]{a)) is holomorphic in m G 7 U D. We will use the above notation for any 
a» G R for simplicity, although the absolute continuity is assumed only on 7. Let iX{Q.) be 
the inclusion of X(D) into X(D)'. Define the operator A(/l) : iX{Q.) X(Q.y to be 


r 



— E[if/, (p]{a))dco + 2n V^£'[iA, (p){X) (d G D), 

(X) 


(A(d)«Al0) = 


lim 

y ->-0 



1 


- E\if/, (p\{oj)d(ji> 

- to 



- E\if/, (p\{to)dto 

A - to 


(A = x£ I), 


(Im(d) < 0), 


(2.4) 


for any ip G iX{Q.) and tp G X(D). It is known that {A(A)ip \ <p) is holomorphic on the region 
{Im(d) < 0} U Q U 7. It is proved in |l3l that A(d) o i : X(Q) ^ X(D)' is continuous when 
X{Q.y is equipped with the weak dual topology. When Im(d) < 0, we have {A(A)ip 10) = 
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((/I - //)“ Vj 0)- III this sense, the operator A{X) is ealled the analytic continuation of the 
resolvent {A - H)~^ in the generalized sense. The operator A{A) plays a central role for 
our theory. 

Let 2 be a linear operator densely defined on Then, the dual operator Q' is 

defined as follows: the domain D{Q') of Q' is the set of elements n 6 X(Q)' such that the 
mapping 0 (//1 Q(p) from X{Q.) into C is continuous. Then, Q' : D(Q') X(Q.y is 

defined by {Q'/j. | 0) = (yu | Qcp). The (Hilbert) adjoint Q* of Q is defined through {Q(f), \f/) = 
(0, 2*0) as usual when Q is densely defined on "H. If Q* is densely defined on X(Q.), its 
dual (Q*y is well defined, which is denoted by Q^. Then, = (Q*)' is an extension of 
Q which satisfies i o Q = o i lD(e)- For the operators H and K, we suppose that 

(X6) there exists a dense subspace Y of X(fl) such that HY c X(f2). 

(X7) K is //-bounded and there exists a dense subspace Y of X(fl) such that K*Y <z X(Q.). 
(X8) K^A(A)iX{Q) c iX{Q) for any A 6 {Im(T) < 0} U / U fl. 

Due to (X6) and (X7), we can show that H^, and are densely defined on X(D)'. In 
particular, D(H^) D iY, D(X^) D iY and D(r^) D iY. When H and K are continuous on 
X(D), (X6) and (X7) are satisfied with Y = X(Q). Then, and are continuous on 
X(D)'. Recall that K is called //-bounded if K{A - H)~^ is bounded on 70. In particular, 
K{A - c 70. Since A{A) is the analytic continuation of (d - H)~^ as an operator 

from iX{Q.), (X8) gives an “analytic continuation version” of the assumption that K is 
//-bounded. In [|3||, the spectral theory of the operator T = H + K is developed under 
the assumptions (XI) to (X8). However, we will show that a Schrodinger operator with 
a dilation analytic potential does not satisfy the assumption (X8). Thus, we make the 
following condition instead of (X8). In what follows, put D = 02 U / U {d | Im(d) < 0}. 

Suppose that there exists a locally convex Hausdorff vector space Z(02) satisfying 
following conditions: 

(Zl) X(Q) is a dense subspace of Z(02) and the topology of X(02) is stronger than that of 
Z(02). 

(Z2) Z(Q) is a quasi-complete barreled space. 

(Z3) The canonical inclusion i : X(02) ^ X(02)' is continuously extended to a mapping 
j : Z(02) ^ X(02)'.^ 

(Z4) For any A £ Cl, the operator A(A) : iX(Q.) X(02)' is extended to an operator from 
jZiP.) into X(02)' so that A(d) o j : Z(02) ^ X(02)' is continuous if X(02)' is equipped with 
the weak dual topology. 

(Z5) For any d 6 D, K^A{A) jZ(Q.) c jZ(Q) and i~^K^A{A) j is continuous on Z(02). 


X(02) c 70 

c x{ay 

n 

u 

Z(02) ^ 

jZ(Q) 


If Z(02) = X(02), then (ZI) to (Z5) are reduced to (XI) to (X8), and the results obtained 
in [|3l are recovered. If X(02) c Z(02) c 70, then X(02) does not play a role; we should use 
the triplet Z(02) c 70 c Z(02)' from the beginning. Thus we are interested in the situation 
Z(02) 0 70. In what follows, the extension j of i is also denoted by i for simplicity. Let us 
show the same results as Q under the assumptions (XI) to (X7) and (Zl) to (Z5). 
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Lemma 2.1. 

(i) For each (p G Z{Q), A{A)i(f> is an X(f2)'-valued holomorphic function in d G A. 

(ii) Define the operators : iX(Q.) X{Qy to be 


<A(”>(d)(Al0) 


r (p](a))da) + 2n 

L 




(n - 1)! dz" ^ 


z=A 


E[i//, (p](z), (A G Q), 


E[if/, (f)]{co)da), (A = X £ I), 


Jr {x + - a>y 

f ^ E[ip,(p](aj)dco, (lm(d)<0), 
dRCA-oj)” 


forn = 1,2 ■ • ■. Then, A^'’\A) o i has a continuous extension A^''\A) o i : Z(D) ^ 2f(D)', 
and A(A)i(f> is expanded in a Taylor series as 


AiA)icp = _^(do - 4> 6 Z(D), (2.6) 

7=0 


which converges with respect to the strong dual topology on X(D)'. 

(iii) When Im(d) < 0, A(A) o i(p = io (A-H)-^(p for (p G X(D). 

Proof, (i) In {A{A)i(p \ i//) is proved to be holomorphic in d G D for any (p,iff £ X(D). 
Since X{Q.) is dense in Z(D), Montel theorem proves that {A{A)i(p \ if/) is holomorphic for 
(p £ Z(D) and if/ £ X(D). This implies that A{A)i(p is a weakly holomorphic X(D)'-valued 
function. Since X(Q) is barreled, Thm.A.3 of [|3l| concludes that A{A)i(p is strongly holo¬ 
morphic. (ii) In 1121, Eg. (12.61) is proved for (p £ X(Q.). Again Montel theorem is applied to 
show the same equality for (p £ Z(Q.). (iii) This follows from the definition of A(d). ■ 

Lemma 2.1 means that A(d) gives an analytic continuation of the resolvent (d - H)~^ 
from the lower half plane to D as an X(D)'-valued function. Similarly, A^”\A) is an an¬ 
alytic continuation of (d - //)“”. A^*^(d) is also denoted by A(d) as before. Next, let us 
define an analytic continuation of the resolvent of T = El + K. Due to (Z5), id - K^A{A) 
is an operator on iZ{El). It is easy to verify that id - K^A{A) is injective if and only if 
id -A{A)K^ is injective on R(A(d)) = A(d)/Z(Q). 

Definition 2.2. If the inverse (id - ^^A(d))“^ exists on iZ(El), define the generalized 
resolvent Ha '■ iZ(Q) A(D)' of T to be 

Ha = A(d) o (id - K^A(A)r^ = (id - A(d)i^^)-* o A(d), d G D. (2.7) 


Although Ha is not a continuous operator in general, the composition Ha o i '■ Z(D) ^ 
A(D)' may be continuous: 

Definition 2.3. The generalized resolvent set g(T) is defined to be the set of points A £ Q 
satisfying following: there is a neighborhood c D of d such that for any A' £ Va, 
Ha' o i is a densely defined continuous operator from Z(D) into Z(D)', where X(D)' is 
equipped with the weak dual topology, and the set {Ha' ° i(iA)}i'6v^ is bounded in X(Q)' 
for each if/ £ Z(El). The set d-(T) := Ci\q(T) is called the generalized spectrum of T. The 


(2.5) 
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generalized point spectrum &p{T) is the set of points A 6 &{T) at which id - K^A(A) is 
not injective. The generalized residual spectrum d-r{T) is the set of points A G d-{T) such 
that the domain of ° i is not dense in Z(f2). The generalized continuous spectrum is 
defined to be o-dT) = d-{T)\(d-p(T) U &r{T)). 

We can show that if Z(Q) is a Banach space, A G q{T) if and only if id - i~^K^A{A)i 
has a continuous inverse on Z(Q) (Prop.3.18 of |l3l). The next theorem is proved in the 
same way as Thm.3.12 of Il3l . 

Theorem 2.4 (31. Suppose (XI) to (X7) and (Zl) to (Z5). 

(i) For each (p G Z(Q), diAl<P is an X(f2)'-valued holomorphic function in T G q{T). 

(ii) Suppose Im(/l) < 0, T G q{T) and A G g{T) (the resolvent set of T in Ti-sense). Then, 
%A ° 14> = io(A- T)" V for any 0 G X(Q). In particular, ('RaI^ I <A) is an analytic continua¬ 
tion of ((A - Ty^(f), iff) from the lower half plane to 7 U Q for any & X(Q). 

Next, we define the operator B^'‘\A) : D(B*^"^(/l)) c X(f2)' ^ X(fl)' to be 

B^'^\A) = id-A^"\A)K^(A - H^T-\ (2.8) 


The domain D(B^"^(/l)) is the set of p £ X(Q.y such that IC^(A - 77^)" G iZ(Q). 

Definition 2.5. A point A in d-p{T) is called a generalized eigenvalue (resonance pole) of 
the operator T. The generalized eigenspace of A is defined by 

U KerB'™)(d) o o ■ • ■ o B^^\A). (2.9) 

m>\ 

We call dimV^ the algebraic multiplicity of the generalized eigenvalue A. In particular, a 
nonzero solution p G X(Q)' of the equation 

B^^\A)p = {id - A{A)K^)p = 0 (2.10) 

is called a generalized eigenfunction associated with the generalized eigenvalue A. 

Theorem 2.6 (H. For any p g Va, there exists an integer M such that (A - T^)^p = 0. In 
particular, a generalized eigenfunction p satisfies (d - T^)p = 0. 

This implies that d is indeed an eigenvalue of the dual operator T^. In general, d-p{T) 
is a proper subset of crp{T^) (the set of eigenvalues of T^), and Va is a proper subspace of 
the eigenspace lJm>i Ker(d - of T^. 

Let E c &{T) be a bounded subset of the generalized spectrum, which is separated 
from the rest of the spectrum by a simple closed curve y <z Cl. Define the operator 
Hx : iZ{Q) X{Qy to be 

11x0 =--1= \UA(pdA, (p £ iZ{Q.), (2.11) 

2n v^ Jy 

which is called the generalized Riesz projection for E. The integral in the right hand side 
is well defined as the Pettis integral. We can show that Fix o z is a continuous operator 
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from Z(Q.) into X(Q)' equipped with the weak dual topology. Note that IIj; o fix = fix 
does not hold because the composition fix o fix is not defined. Nevertheless, we call it the 
projection because it is proved in Prop.3.14 of |l3l that nx(/Z(f2)) n (id - nx)(/Z(f2)) = {0} 
and the direct sum satisfies 

iZ(Q) c nx(/Z(Q)) © (id - nx)(/Z(fl)) c X(Q)'. (2.12) 

Let do be an isolated generalized eigenvalue, which is separated from the rest of the gen¬ 
eralized spectrum by a simple closed curve 70 c Cl. Let 

n,, = f %idx, (2.13) 

In Jyo 

be a projection for do and Vq = Um>i Ker 5^'"^(do) o • • • o 5'^^^(do) a generalized eigenspace 
of do. 

Theorem 2.7 1|3]]. If noiZ(Q) = R(no) is finite dimensional, then noiZ(Q) = Vq. 

Note that noiZ(f2) = nozX(f2) when nozZ(Q) is finite dimensional because X(f2) is dense 
in Z(Q.). Then, the above theorem is proved in the same way as the proof of Thm.3.16 of 
0 . 

Theorem 2.8 1|3]]. In addition to (XI) to (X7) and (ZI) to (Z5), suppose that 
(Z6) r^K^A(A)i : Z(Q,) Z(Q.) is a compact operator uniformly in d e Q. 

Then, the following statements are true. 

(i) For any compact set D <z Cl, the number of generalized eigenvalues in D is finite 
(thus d-p(T) consists of a countable number of generalized eigenvalues and they may 
accumulate only on the boundary of Cl or infinity). 

(ii) For each do g d-p(T), the generalized eigenspace Vq is of finite dimensional and 
nozZ(f 2 ) = Vo- 

(iii) &AT) = d-r(T) = 0. 

Recall that a linear operator L from a topological vector space Xi to another topologi¬ 
cal vector space X 2 is said to be compact if there exists a neighborhood U <zXi such that 
LU c X 2 is relatively compact. When L = L(d) is parameterized by d, it is said to be 
compact uniformly in d if such a neighborhood U is independent of d. When the domain 
X\ is a Banach space, L(d) is compact uniformly in d if and only if L(d) is compact for 
each d. The above theorem is also proved in a similar manner to the proof of Thm.3.19 of 
Oil . It is remarkable that d-c(T) = 0 even if T has the continuous spectrum in 'H-sense. 

When we emphasize the choice of Z(Vl), &(T) is also denoted by &(T;Z(Q.)). Now 
suppose that two vector spaces Zi(Q) and Z2(V1) satisfy the assumptions (Zl) to (Z5) with 
a common X(Q). Then, two generalized spectra d-(T ; Z[(Q.)) and d-(T ; Z 2 (Q)) for Zi(Q.) 
and Z2(0.) are defined, respectively. Let us consider the relationship between them. 

Proposition 2.9. Suppose that Z 2 (Vi) is a dense subspace of Zi(Q) and the topology on 
Z2(0.) is stronger than that on Zi(Q). Then, the following holds. 

(i) <T(r;Z 2 (Q))C(T(r;Zi(f 2 )). 

(ii) Let Z be a bounded subset of &(T ;Zi(Q)) which is separated from the rest of the 
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spectrum by a simple closed curve 7 . Then, there exists a point of ; Ziifl)) inside 7 . 
In particular, if X is an isolated point of d-(r; Zi(Q)), then A G &{T ; Z 2 (fl)). 

Proof, (i) Suppose that A i d-(r;Zi(fl)). Then, there is a neighborhood of A such 
that o z is a continuous operator from Zi(Q.) into for any A' G V^, and the set 

YRa' o is bounded in X(Q)' for each i/f G Zi(f2). Since the topology on Z 2 (Q) is 

stronger than that on Zi(Q), o z is a continuous operator from Z 2 (fl) into for any 
A' G Va, and the set {%a' ° is bounded in X(Q)' for each i/f G Zji^). This proves 

that T ^ d-(r; Z 2 (fl)). 

(ii) Let fix be the generalized Riesz projection for Z. Since Z c &{T ; Zi(Q)), nx/Zi(Q) 
{0}. Then, nx/Z2(f2) {0} because Z 2 (Q) is dense in Zi(f2). This shows that the closed 

curve 7 encloses a point of d-(r; Z 2 (Q)). ■ 


3 An application to Schrodinger operators 


In this section, we consider a Schrodinger operator of the form T = -A + V, where A is 
the Laplace operator on R™ defined to be 


dxl dx^ dxl^ ’ 


(3.1) 


and V is the multiplication operator by a function V : R'” ^ C; 


(V(f>)(x) = Vix) ■ (f){x), X G R"*. 


(3.2) 


Put 'H = L^(R'"). The domain of A is the Sobolev space //^(R'"). Then, A is a selfadjoint 
operator densely defined on "H. In what follows, we denote -A and V hy H and K, re¬ 
spectively. Our purpose is to investigate an operator T = H + K with suitable assumptions 
for K=V. 

Define the Fourier transform and the inverse Fourier transform to be 
’"["1® = r-‘ m(x) = £ji&e (3.3) 

where x = (xi,-- ■ , Xm) and ^ = (^ 1 , • ■ • ,^m)- The resolvent of H is given by 




where = ^^ + ■ ■ ■ + ^^ Let S'"-‘ c R™ be the (m - l)-dimensional unit sphere. For a 
point ^ G R'", put ^ = roj with r > 0, m G Then, {A - Hy^\f/{x) is rewritten as 


1 C 1 

j^e'^-~rmrcoy-,r (3.4) 


1 r“ 1 / r 




xfAxfrx 


"’^[<A]( ^^r(JS)d^o\dr,{l> .5) 
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which gives the speetral representation of the resolvent. This is an L^(R'”)-valued holo- 
morphic function in {T | - 2n < arg(/l) < 0} for each ij/ G L^(R'"). The positive real axis 
arg(/l) = 0 is the essential speetrum of H. Let Q. be an open domain on the upper half 
plane as in FiglU If the function f(z) := ^fzco) is holomorphic on Q., then the above 
quantity has an analytie eontinuation with respect to A from the sector -s < arg(/l) < 0 
on the lower half plane to Q. as 




+ 


TT 




( 2 ; r )”'/2 


y^m-2 r g ^[Xco)diO, 

Js"'-' 


whieh is not included in L 2(R,„) 

in general. Suppose for simplieity that yfzoS) is 
an entire funetion with respeet to yfz', that is, /(z) = yfzoS) is holomorphie on 

the Riemann surface of yfz. Then, the above funetion exists for {/1|0 < arg(/l) < 27r}. 
Furthermore, the analytie eontinuation of the above funetion from the seetor In - e < 
arg(/l) < In to the upper half plane through the ray arg(/l) = In is given by 

yf}aj)dajUr (= (A - 

when m is an odd integer, and given by 



1 r” 1 / r 

(In)’”^^ Jo A-r [Js'ni 




71-2 


jV^VrJc 


V^oj)dco]dr 


+- 


2 ;r 

{InT'^ 


Vd'"“2 r e ( xfAoj)doj, 


when m is an even integer. Repeating this proeedure shows that the analytie eontinuation 
A(A)i(t/f) of (d - in the generalized sense is given by 


A(A)i(ifr)(x) 


(d-//)-V(x) 


(-2;r < arg(/l) < 0), 


(d-Z/rVW 


+ 


n 


(2ny/'^ 


^m -2 r g (0 < arg(d) < 2n), 


(3.6) 

which is defined on the Riemann surfaee of Vd, when m is an odd integer, and given by 


A{A)imx) = (d - //)-V(^) + r Vda;)Fm, (3.7) 

(z;rj ' Js'"-' 

for 2n{n - 1) < arg(d) < 2nn, whieh is defined on the logarithmie Riemann surfaee, 
when m is an even integer. In what follows, the plane Fi = {d | - 27r < arg(d) < 0} is 
referred to as the first Riemann sheet, on which A(d)/(i/^)(x) coincides with the resolvent 
(d - Hy^ifj{x) in L^(R™)-sense. The plane Pn = {d| 27r(n - 2) < arg(d) < 2n{n - 1)} is 
referred to as the n-th Riemann sheet, on whieh A{A)i{iJ/){x) is not ineluded in L^(R'"). 
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Once the operator K is given, we should find spaees X(0) and Z(0) so that the as¬ 
sumptions (XI) to (X7) and (Zl) to (Z5) are satisfied. Then, the above A(/l)/(i/^) can be 
regarded as an X(0)'-valued holomorphic function. In this paper, we will give two exam¬ 
ples. In Sec.3.1, we consider a potential V{x) which decays exponentially as |x| ^ oo. In 
this case, we can find a space X(Q.) satisfying (XI) to (X 8 ). Thus we need not introduce 
a space Z(Q). In Sec.3.2, a dilation analytic potential is considered. In this case, (X 8 ) 
is not satisfied and we have to find a space Z(0) satisfying (Zl) to (Z5). For an expo¬ 
nentially decaying potential, the formulation using a rigged Hilbert space is well known 
for experts. For a dilation analytic potential, our formulation based on a rigged Hilbert 
space is new; in the literature, a resonance pole for such a potential is treated by using the 
speetral deformation technique [|9l|. In our method, we need not introduce any speetral 
deformations. 

3.1 Exponentially decaying potentials 

Let a > 0 be a positive number. For the function V, we suppose that 

e^'^'Vix) 6 (3.8) 

Thus V(x) has to decay with the exponential rate. For this a > 0 ,letX(Q) := L 2 (R'", e^^Wjx) 
be the weighted Lebesgue space. It is known that the dual space X(Q)' equipped with the 
strong dual topology is identified with the weighted Lebesgue space L^(R'”, Let 

us show that the rigged Hilbert space 


^ 2 (Rm, g2aW ^ c (3.9) 


satisfies the assumptions (XI) to (X8). In what follows, we suppose that m is an odd 
integer for simplicity. The even integer case is treated in the same way. 

It is known that for any if/ G l}(R'\e^‘'^^dx), the function T\il/]{r(jS) has an analytic 
continuation with respect to r from the positive real axis to the strip region {r G C | - a < 
Im(r) < a). Henee, the funetion !F[i/^]( Vdm) of A has an analytic continuation from the 
positive real axis to the Riemann surface defined by P{a) = {T | - a < Im( Vd) < a] 
with a branch point at the origin, see Figjll The region Fi(a) = {d | - a < Im( Vd) < 0} 
is referred to as the first Riemann sheet, and Piia) = {d 10 < Im( Vd) < a} is referred 
to as the seeond Riemann sheet. P\{a) (Z P\ = {A\ - In < arg(d) < 0} and Piio) c 
^2 = {d 10 < arg(d) < 2;r}. They are conneeted with each other at the positive real axis 
(arg(d) = 0). Therefore, the resolvent (d - //)“' defined on the first Riemann sheet has an 
analytie eontinuation to the second Riemann sheet through the positive real axis as 


(d-//)-V(x) 


(d 6 Fi), 


A(d)/(«A)(x) = 


(d-//)“V(x) + 


;r V^ 

(2.7r)"d2 



ArTVI^-^^[^]( (2 G P2(a)). 

(3.10) 


In partieular, the space X(Q) = L^(R"\ satisfies (XI) to (X4) with 7 = (0, oo) and 

Q = Piia)- To verify (X5), put Vd = -l- V ^(?2 with -a < b 2 < a. Then, we obtain 
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Fig. 2: The Riemann surface of the generalized resolvent of the Schrodinger operator 
on an odd dimensional space with an exponentially decaying potential. The origin is a 
branch point of yfz- The continuous spectrum in L^(R'")-sense is regarded as the branch 
cut. On the region {T | - 2n < arg(d) < 0}, the generalized resolvent A(/l) coincides 
with the usual resolvent in L 2(R,„) 

-sense, while on the region {d 10 < arg(/l) < In], the 
generalized resolvent is given by the second line of Eg. (13.101) . 




< 


< 


< 


w 

1 

{2ny 

1 

(2;7r)” 

1 

( 2 ;r) 

1 


Jr" 

Jr” 

Jr” 

— r |iA(x)pe2«W . r ^2(lb2h2a)M^2aM^_^ 

nr Jr». Jr». 

Ix(n) • I 

Jr" 


(2n) 


^2(1^2 |-a)Wj^ 


This proves that !F[i/^]( Vico) tends to zero uniformly in m e S'”~^ as i/r ^ 0 in X(Q). By 
using this fact and Eg. (13.101) . we can verify the assumption (X5). Next, (X6) and (X7) are 
fulfilled with, for example, Y = Cj^(R'"), the set of C“ functions with compact support. 
(X8) will be verified in the proof of Thm.3.1 below. Since all assumptions are verified, 
the generalized spectrum + K h well defined and Theorems 2.4, 2.6 and 2.7 hold 

(with Z(Q) = X(Q)). Let us show that (Z6) (for Z(Q) = X(f2)) is satisfied and Thm.2.8 
holds. 

Theorem 3.1. For any m = 1,2, • • ■, i~^K^A(A)i is a compact operator on L^(R'”, e^‘‘^’‘Vx). 
In particular, the generalized spectrum &{T) on the Riemann surface P{a) consists only 
of a countable number of generalized eigenvalues having finite multiplicities. 

Proof. The multiplication by is a unitary operator from L^(R'") onto L^(R'”, e^‘‘^’‘Vx). 
Thus, it is sufficient to prove that is a compact operator on L^(R'”). 
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When A lies on the first Riemann sheet, this operator is given as 

= e‘‘'"'V(x)(A - (3-11) 


The eompaetness of this type of operators is well known. Indeed, it satisfies the Stummel 
eondition for the eompaetness beeause of (13.81) . See 1131 [m for the details. 

Next, suppose that d 6 7 = (0, oo); that is, A lies on the braneh eut (arg(/l) = 0). Let 
L{X, X) be the set of continuous linear mappings on X(Q) equipped with the usual norm 
topology. A point A - V-Te lies on the first Riemann sheet for small e > 0, so that 
i~^K^A(A - is compact. It is sufficient to show that the sequence {i~^K^A{A - 

V-Te)/}£>o of compact operators converges to i~^K^A(A)i as e ^ 0 in L(X,X). This 
immediately follows from the fact that A{A)i}x is a holomorphic family of opera¬ 

tors; that is, r^K^A(A)i is holomorphic in A with respect to the topology of L(X,X). See 
Thm.3.12 of O for the proof. 

Finally, suppose that A lies on the second Riemann sheet. In this case, 
e^‘Mr^K^AiA)ie-“'-^if/ix) = e“'^Vix)iA - Hr\e-‘‘'^if/{x)) 

{In)'”' 

Since the first term in the right hand side above is compact, it is sufficient to prove that 
the mapping 


iA(x) ^ (K2il/)(x) := r 


V^x- ■ | 


!r[e"''''iA](Vda;)^7m (3.12) 


on L^(R'") is Hilbert-Schmidt. This is rewritten as 

(K2i/^)(x) = —^ r r e^'-^'V(x)e^^-^'^e-^'y<i/r(y)e-^y^'^dcody. 

( 2 ;r )'”/2 

This implies that K 2 is an integral operator with the kernel 

This is estimated as 

\k2{x,yf < r 

(27r)'” Jsm-i 

Putting Vd = b\ + with 0 < b 2 < a yields 

Mx,yf < 


< 


< 


1 


{2nT 

1 

( 2 ;r)'" 


g2aW|y(^)|2^-2aM^2fo2|,v|+2fo2|.v|vol(5'«-l)2 

I vol(S. 


(3.13) 


(3.14) 


Since b 2 - a <0 and 6 L^(R'"), we obtain f flk 2 (x,y)l^dxdy < 00 , which proves 

that K 2 is a Hilbert-Schmidt operator on L^(R'"). ■ 
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3.2 Dilation analytic potentials 

In this subsection, we consider a dilation analytic potential. At first, we define the van 
Winter space. 

By using the polar coordinates, we denote a point v e R'" as v = ra>, r > 0,a> e 
where 5'"“* is the m - 1 dimensional unit sphere. A function defined on R'” is denoted by 
fix) = fir, to). Any / 6 L^(R'") satisfies 

J o ooo 

dao I |/(r,m)|V"-'jr < oo. (3.15) 

Jo 

Let -njl < p < a < njl be fixed numbers and = {z e C|;S < arg(z) < a} an 
open sector. Let Gifi, a) be a vector space over C consisting of complex-valued functions 
fiz, to) on X S'"~^ satisfying following conditions: 

(i) fiz, to) is holomorphic in z e 

(ii) Put z = re with r > 0, 0 6 R. Then, 

\fire^^,to)\^r'”~^dr < oo. (3.16) 

0 


sup 

B<e<a 


£ 



It is known that when / 6 Gij3, a), boundary values fire^", to) and fire^^, to) exist in 
L^-sense. By the inner product defined to be 

(/,^W= f dto f (fire^^f to)gired^-, to) + fire^^^ to)gire'^^P, m)) r^-^dr, 

Js'”-' Jo ^ ' 

(3.17) 

Gif, a) becomes a Hilbert space. In particular, when /3 < 0 < a. Gif, a) is a dense 
subspace of L^(R'”) and the topology of Gif, a) is stronger than that of L^(R'”). The 
space Gif,a) was introduced by van Winter GOl ITTTI . In his papers, it is proved that 
the Fourier transform is a unitary mapping from Gif, a) onto Gi-a, -f). For a function 
fir, to) 6 Gif, a) with f < 0 < a, define the function /* by /*(r, to) = fir, to). Then, 
f* 6 Gi-a, -f) and / /* is a unitary mapping. Let / be the Fourier transform of /. It 

turns out that if)* is in Gif, a) which is expressed as 

„ V-Tni6 a - 

(f)*ire^£co) = —^ dto' \ e^^'-y‘^-‘^'fie'^^y,to’)y'''-^dy. (3.18) 

{Zn) Js"'-' Jo 

Fix positive numbers 0 < f < a < njl. We consider two spaces Gi-a, a) and 
Gi-a, -f). Since Gi-a, a) is dense in L^(R'") and Gi-a, -f), we obtain the following 
diagram, in which the embedding j will be defined later. 


Gi-a, a) 
n 

Gi-a, -f) 


c L^iR’”) c Gi-a, a)' 
u 


jGi-a, -f) 


In what follows, suppose that a potential V : R™ ^ C is an element of Gi-a, a). In 
the literature, such a potential is called a dilation analytic potential. 
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Theorem 3.2. Suppose V e G(-a, a), m = 1,2,3 and 0 < /3 < a < njl. For H + K = 
-A + y and -K = L^CR'"), put Q = {d 10 < arg(d) < 2a}, I = (0, oo), X{Q) = G(-a, a) and 
Z(Q) = G{-a, -P). Then, they satisfy the assumptions (XI) to (X7) and (Zl) to (Z6). 

Corollary 3.3. For eaeh 0 e X(Q), the generalized resolvent Piicp of -A + y is an X(f2)'- 
valued meromorphie funetion defined on 

Q = {d I -2n -2a < arg(d) < 2a}. 


The generalized speetrum eonsists of a eountable number of generalized eigenvalues hav¬ 
ing finite multiplieities. 

Proof. The resolvent (d - T)~^ in the usual sense is meromorphie on -2;r < arg(d) < 0. 
Thm.2.4, 2.8 and 3.2 show that it has a meromorphie eontinuation from the seetor -s < 
arg(d) < 0 to Q. A similar argument also proves that it has a meromorphie eontinuation 
from the seetor -2n + s < arg(d) < -2n to -2n < arg(d) < - 2 ;r - 2 q'. ■ 

Let us prove Thm.3.2. The assumptions (XI), (X2), (X3), (Zl) and (Z2) are trivial. 

Proof of (X4),(X5). Let us ealeulate the analytie eontinuation of the resolvent (A-H) '0. 
For & G(-a, a), we have 


((d-//)-V,(A) 



rmormod^ 

CO Y 

- -r0(y, m)(i^)*(y, 

A-y^ 


whieh is holomorphie on the first Riemann sheet -An < arg(d) < 0. Sinee 0, (i^)* e 
G(-a, a), Cauehy theorem yields 


((d-//)-V,(A) 


r doj f 

Js'"-* Jo 


1 


d - y^e 


. 2^2 


■0(ye^“, cu)(iA)*(ye^", Jy. 


This implies that ((A - is holomorphie on the seetor 0 < arg(d) < 2a. When 

0 ^ 0 in G(-a,a), then 0 ^ 0 in G(-a,a). Thus the above quantity tends to zero. 
Similarly, ifr —> 0 in G(-a,a) implies that ((A - tends to zero. Therefore, the 

analytie eontinuation A(d) : iX{Q.) X{Q.y of (d - H)~^ is given by 


{A{A)i(p I if/) 


= f dco r-l_0(^e^“,a;)(^)*(ye^“,m)e^'"V-'jy, 

Js"'-‘ Jo A — y^e^d iq- 


(3.19) 

whieh is separately eontinuous in (p and if/ e G{-a, a). This eonfirms the assumptions 
(X4) and (X5) with = {d 10 < arg(d) < 2a} and 7 = (0, oo). 


Proof of (X6), (X7). Let Y be the set of functions / 6 G(-a, a) such that |^P/(^) g 
G(-a, a). Then, the inverse Fourier transform T of T satisfies the assumption (X 6 ). Since 
y e G(-a,a) c L^(R"‘), Kato theorem proves that V is //-bounded when m = 1,2,3. A 
proof of V(Y) c G{-a, a) is straightforward. 
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Proof of (Z3). By the definition, the canonieal inelusion i : 'H ^ X{Q.y is defined 
through 


{i(f) I i/f) 


= ( 0 , (A) = I d(o I 
Js'”-' Jo 


^(r, co)t/^(r, oj)r"’ ^dr. 


for (A 6 'H and if/ e = G(-a, a). When (p 6 X(Q), this is rewritten as 


{i(p I lA) 


J o oco _ _ _ 

da> I (p{re (jS)\l/*{re ^ a))e ^'"^r"'~^dr, 

S'"-' Jo 


for any -a < 9 < a. The right hand side exists even for (p G G{-a, -fi) when -a < 9 < 
-/3. Hence, we define the embedding j : Z{Q.) X(Q)' to be 


I <A) 


= r r 

Js'"-' Jo 


(Pire- to)iff*{re- oj)e- Jr, 


(3.20) 


for (p G Z(Q) = G(-a, -/3). This gives a continuous extension of i : X{Q) X{Q.y. In 

what follows, j is denoted by i for simplicity. 

Proof of (Z4), (Z5). The right hand side of Eg. (13.191) is well-defined for (p G Z(Q) and 
/IgA! because 0 g G{fi, cr) if 0 g G{-a, -/3). This gives an extension of A(/l) : iX(Q.) 
X(f2)' to A(/l) : iZ{Q.) X(f2)'. (Z5) is verified as follows: for (p g G{-a,-/3) and 
-a <9 < -jS, 


|(yA(d)/<A)(re^^m)P 


< 


{In) 
< Cl 




WTe 


^ 2 g- 2 WT 0 

\V{re^^\io)\ 


^{ye- Jy 


|^_^2g-2WTe|2 

|y(rg^^m)P 

|^_3;2g-2WT0|2 


^dy • J"do)' J" I 


\(p{ye '^\io')\^y"' ^dy 


f^-^dy. 


(3.21) 


where 


C, 


- sup 

(2:t)'” -a<6<-l3 




|0(yg-^^m')iy-'Jy, 


which exists because 0 G G{fi, a). Hence, we obtain 
JdcoJ lVA(A)i(P(re^^,aj)l^r"’-^dr 

< CiJdcoJ |y(rg^^m)|V'"-'jr ' J 


r-'dy. 


|^_3;2g-2WTe|2 


Since V G G(-a,a) and m = 1,2,3, this has an upper bound which is independent of 
-a <9 < -jS. This shows VA{A)i(p G G{-a, -fi). Let || ■ be the norm on G(yS, a). Since 
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Cl < 11011^,Q./(27r)'" = ||0ll_Q,_^/(2;r)'", it immediately follows that VA{A)i : 

G(-a, -/3) is continuous. 

Proof of (Z6). Let P : G(-a, -/3) G(-a, -/3) be a continuous linear operator. For 

fixed -a < 6 < -/3, to) and (Pf)(re'^^, to) are regarded as functions of L^(R'"). 

Thus the mapping f{re^^, to) {Pf){re^^, to) defines a continuous linear operator on 
which is denoted by Pg (this was introduced by van Winter [|20l L To verify (Z6), 
we need the next lemma. 

Lemma 3.4. If P-a and P-j} are compact operators on L^(R'"), then P is a compact oper¬ 
ator on G{-a, -/3). 

Proof. Let B c G(-a, -/3) be a bounded set. Since the topology of L^(R"') is weaker than 
that of G{-a, -fi), cu)}/gB and to)]feB are bounded sets of L^(R'”). 

Since P-a is compact, there exists a sequence c B such that (P^agj)(re~'^“,to) 

converges in L 2(R'”). Since is compact, there exists a sequence c {gy}“ j such 

that (P_i 3 hj){re~'^^, to) converges in L^{RP). By the definition of the norm of G{-a, -/3), 
Phj converges in G(-a, -/3). ■ 

In order to verify (Z6), it is sufficient to show that the mapping tp{re^^,to) 

{VA{X)itp){re'^^, to) on L^(R'") is compact for 6 = -a, -ji. The {VA{X)itp){re~^“, to) is 
given by 


{VA{A)itp){re-'^‘^ ,to) 


, 'fAn 


{In} 


im /2 




y(rg toi)y'^-Uyi 


A-yfe 


2 „ 2 V^q 


1 rr. . rrvcre-^^^ 


„WTrVlfaJ-faj| WTvi V7AI| 


Ll >2 


t/>(y2e' 


■ 


,t02)yf ^2 ^dyidy2. 


This is an integral operator with the kernel 


K(r,to;y2,t02) 


ttV rr 


V(re 


- 'pAa 




’ d-Ayi<jii(y2<^2->'<^)^,>n-l 


'y’rdyi. 


Put /(yi, mi) = (T - \ which is in L^{W') when m = 1,2,3. Then, we obtain 

\K{r,to\y 2 ,t 02 )? < -^—\V{re~^“,to)\^ • \f{y 2 O 02 - rto)\^. 

(In)'” 

Putting X = rto, ^ = y 2 t 02 yields 

JJ'lK(r,to;y2,t02)l^dxd^ < J'lV(xe~"^")l^dx ■ J '|/(^ - x)p(if 

This quantity exists because / 6 L (R'") and V 6 G(-a,a). Therefore, the mapping 
tt>{re^^, to) {VA{A)itp)(re'^^, to) is a Hilbert-Schmidt operator for 6 = -a. The other 
case 0 = -yS is proved in the same way. Now the proof of Thm.3.2 is completed. ■ 
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4 One dimensional Schrodinger operators 

In this section, one dimensional Schrodinger operators (ordinary differential operators) 
are considered. A holomorphic function D(/l, V\,V2), zeros of which coincide with gener¬ 
alized eigenvalues, is constructed. It is proved that the function D(/l, Vi, V2) is equivalent 
to the Evans function. 


4.1 Evans functions for exponentially decaying potentials 

Let us consider the one dimensional Schrodinger operator on L^(R) 

+ ^6R, (4.1) 

with an exponentially decaying potential 6 L^(R) for some a > 0. A point A 

is a generalized eigenvalue if and only if (id - A(A)K^)fj. = 0 has a nonzero solution jj. 
inX(^l)' = L2(R,e-2«Wjx). For a one dimensional case, this equation is reduced to the 
integral equation 

1 r°° 1 

fi(x,A) = -— e-^^^-^^V(y)iu(y,A)dy -— e^^^y-^^V(y)fi(y,A)dy, (4.2) 

2 xTa Jx 2 xTa J-oo 

where A lies on the Riemann surface P(a) = {d | - a < Im( Vd) < a}. It is convenient to 
rewrite it as a differential equation. Due to Thm.2.6, /i satisfies (d - E^)// = 0. This is a 
differential equation on L^(R, e^^‘'^ '‘^dx) of the form 

+ ^ - V(x}^ix(x, d) = 0, //(•, d) 6 L^(R, Jx). (4.3) 


Since V decays exponentially, for any solutions /i, there exists a constant C such that 
|//(x, d)| < (see iH, Chap.3). In particular, any solutions satisfy yu e T^(R, e^^^^'^dx) 

when d 6 P(a). At first, we will solve the differential equation (14.31) for any d, which gives 
a candidate /r(x, d) of a generalized eigenfunction. Substituting the candidate into Eq. (l4.2l) 
determines a generalized eigenvalue d and a true generalized eigenfunction yu associated 
with d. For this purpose, we define the function D(x, A,ii) to be 


D(x,A,iu) = iu-A(A)K^lu = 

1 1 

yu(x,d) + ^— e-^^^y-^^V(y)fi(y,A)dy + ^— e^^-"V(y)yu(y, d)Jy. 

2 xTA Jx 2 xTA J-oo 

Let jui and ^2 be two linearly independent solutions of Eq. (l4.3l) . Define the function 
D(d,yUi,yU2) tO bc 


D(d,y(il,yU2) = det 


D(x, d,yUl) 
D'(x, A,/ill) 


D(x,A,/i 2 ) \ 
D'(x,A,/U2)I^ 


(4.4) 
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where D'{x, A, ju) denotes the derivative with respect to v. It is easy to verify that D(/l, yUi, 1 U 2 ) 
is independent of x. Next, let vi and V 2 be two solutions of Eq. (l4.3l) satisfying the initial 
conditions 


vi(0,d)\ /1\ /y2(0,d)\ /O 

v;(0,d)/ ^0/’ \v^(0,d); \1 


respectively, where an initial time is fixed arbitrarily. Because of the linearity, we obtain 


D(/l,/ii,/i 2 ) = det 


/yUi(0,/l) fl2(0,A) 
\fi[(0,A) n'^{Q,A) 


D(/l,yi,y2). 


(4.6) 


Therefore, it is sufficient to investigate properties of D(/l, Vi, y 2 ). The main theorem in this 
section is stated as follows. 

Theorem 4.1. For the operator (14.11) with g L^(R), 

(i) D(/l, vi, y 2 ) is holomorphic in T e P{a). 

(ii) D(/l, vi, y 2 ) = 0 if and only if T is a generalized eigenvalue of (14.11) . 

(iii) When A lies on the first Riemann sheet (-2n < arg(/l) < 0), 

D(T,yi,y2) = ^^E(T), (4.7) 


where E(/l) is the Evans function defined in Sec.l. 

Corollary 4.2. The Evans function E(/l) has an analytic continuation from the plane 
-2n < arg(T) < 0 to the Riemann surface P{a), whose zeros give generalized eigenvalues. 

Proof, (i) Since initial conditions (14.51) are independent of A, V\{x,A) and V 2 {x,A) are 
holomorphic in T e C. Since A(/l) is holomorphic in T e P{a), D(x, A, y,) = (id - 
A(A)K^)Vi(x, A) is holomorphic in T G P(a) for i = 1,2, which proves (i). 

To prove (ii), suppose that T is a generalized eigenvalue. Thus there exists fi g 
L^(R, e~^‘‘'^^^dx) such that ju - A(A)K^iu = 0. Since the generalized eigenfunction /r has 
to be a solution of the differential equation (14.3L there are numbers Ci(A) and C 2 (A) such 
that/i = Ci(A)vi + C 2 (A)v 2 . Hence, 


0 = fi- A(A)K^fi = Ci(A)(vi - A(A)K^Vi) + C2(A)(v2 - A(A)K^V2) 
= Ci(A)D(x, A, vi) + C 2 (A)D(x, a, V 2 ). 


This implies D(/l,yi,y 2 ) = 0. Conversely, suppose that D(/l,yi,y 2 ) = 0. Then, there 
are numbers Ci(/l) and C 2 (A) such that (Ci(/l), C 2 (/l)) (0,0) and Ci(A)D(x,A,Vi) + 

C 2 (A)D(x, A, V 2 ) = 0. Putting // = Ci(A)vi + C 2 (A)v 2 provides ju - A(A)K^/j = 0. Due to 
the choice of the initial conditions of vi and y 2 , we can show that iu(x. A) ^ 0. Hence, // is 
a generalized eigenfunction associated with A. 

Finally, let us prove (iii). Suppose that -2n < axg(A) < 0, so that Re > 0. 
Eet /i+ and //_ be solutions of Eq. (l4.3l) satisfying (11.71) . (11.81) (for the existence of such 
solutions, see BUl, Chap.3). The Evans function is defined by E(/l) = fi+(x, A)iu'_(x, A) - 
li'^(x, A)iu-(x, A). Since E(/l) is independent of x, Eq. (l4.6l) yields 


D(/l,/r+,/z_) = det 


P+(0, A) 

K(0,T) 


M-(0,A) 

M-(0,A) 


■ D(/l, yi, y2) = E(/l) • D(/l, yj, y2). 


(4.8) 
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Thus, it is sufficient to prove the equality 


//+,yU_) = 


1 


E(^f- 


2 V^ 

At first, note that satisfy the integral equations 

1 1 

Mx,A) = e-^^^ -— e-^^^y-^^V{y)ii^{y,A)dy + ^— 

2 yTl Jx 2 yTA Jx 

^_{x,A) = e^^^ + -^ f e-^^y-^^V(y)M-(y,A)dy - f 

2 V —A J—oo 2 V —A J—a 

Substituting them into the definition of D{x, A,ju) yields 


.vno- 


,V^(y-x 


D{x,A,n^) = + 


_}_ r e^(y-^^V(y)M^(y,A)dy, 
iV^JR 
D'(x,A,^+) = -V^D(x,A,ju+), 

D(x, A,m-) = e^^ + f e-^(y-^^V(y)M-(y, A)dy, 

IV^JR 

D'{x,A,H-)= yP^D{x,A,iJi+). 


Next, sinee E(/l) is independent of x, we obtain 

E(/l) = \\m{jx^{x, A)n'_{x, A) - n'^{x, A)ijl_{x, A)) 

x^oo 

= lim e~ ^^(jj.'_{x, d) + V^/i-(x, d)) 


2 V^(l + ^^ r e-^yV(y)n_ 

\ I^TAJr 


Cv, A)dy\, 


and 


They give 


E(d) = lim {jJL+^x, A)ijl_{x, d) - /i+(x, A)n-(x, d)) 

X—*- 0 O 

= lim V^//+(x, d)-yu^(x, d)) 

X—*- 0 O 

= 2yn(l + j^£e^^yv(y)My,my^- 


D(x,A,f 2 +) = —;^E(d), D(x,A,fj.-) = - —^=E(d), 


2^^A 


2 V^ 


D'(x,A,iu+) = — 




-E(d), D'(v, d,/i_) 


,d^x 


-E(d). 


This proves Eq. (l4.9l) . 


(4.9) 

■^^V(yM,A)dy, 

^V(y)fx.(y,A)dy. 
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4.2 Evans functions for dilation analytic potentials 

Let a and /? are positive numbers sueh that 0 < /3 < or < njl. Let us consider the operator 
(14.11) with a dilation analytic potential V 6 G(-a,a). For a one dimensional case, the 
equation /j. = A{X)K^n is written as 

^OO _ 

lyhAJx 
„ 'fAe nx 

2 y—A J-oo 

where -a < 6 < -p. Let // be a solution of the differential equation (14.31) . Since V(x) is 
holomorphic in the sector {-or < arg(j£:) < a}, so is the solution fi(x, d). Thus fi(xe^^. A) 
is well defined for -a < 6 < a. For a solution jx of (14.31) . define the function D{x, A, jx) to 
be 

^OO 

Dix,A,n)= ixixe^^A) + e-^^'^''^-^'>V(ye^^)ixiye^^,A)dy 

I^TAJx 

„ 'TAe nx 

2 V— A J-oo 

Then, the function 'D(A,fXi,fX 2 ) is defined by Eq. (14.41) . By the same way as the previous 
subsection, it turns out that D(/l, vi, V 2 ) = 0 if and only if d is a generalized eigenvalue. 

To define the Evans function, we further suppose that V satisfies {xe'^^yidx < 00 
for -a <6 < -{3. Then, there exist solutions /i+ and //_ of Eq. (l4.3l) satisfying 


lx+{xe^^,A) 

vyu;(xe^^d) 


and 


jx-{xe^^. A) 
li'Sxe^^A) 






1 




{x 00 ), 


{x - 00 ), 


(4.10) 


(4.11) 


for some -a < 6 < -/3 (see iH, Chap.3). Eor such 6, define the Evans function E(d) to be 


E(d) = A)ix'_{xe^^^, A) - d)yu_(xe^^ A), (4.12) 


which is independent of x and 0. Then, we can prove the next theorem. 

Theorem 4.3. Eet Q be the region defined in Cor.3.3. Eor the operator (14.11) satisfying 
V G G(-a,a) and ^^V{xe'^^)\dx < 00 , 

(i) D(d, Vi, V 2 ) is holomorphic in d G Q. 

(ii) D(d, vi, y 2 ) = 0 if and only if d is a generalized eigenvalue of (14.11) . 

(iii) When d lies on the first Riemann sheet {-In < arg(d) < 0), 

D(d,yi,y2) = ^LE(d). (4.13) 
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Corollary 4.4. The Evans function E(/l) has an analytic continuation from the plane 
-2n < arg(/l) < 0 to the Riemann surface Q, whose zeros give generalized eigenvalues. 

The proofs are the same as before and omitted. Note that (i) and (ii) hold without the 
assumption ^^V{xe^^)\dx < oo. 


4.3 Examples 

To demonstrate the theory developed so far, we give two solvable examples. The first one 
is the simple one-dimensional potential well given by 

(4.14) 

I 0 (otherwise), 

where h,ai,a 2 e R. Since V{x) has compact support, it satisfies Eg. (13.81) for any a > 0. 
Hence, we put 


X(Q) = ^ L^CR, = IJ l2(R, 

a>0 a>0 


They are equipped with the projective limit topology and the inductive limit topology, 
respectively. Then, X(Q) is a reflective Erechet space and the assumptions (XI) to (X8) 
are again verified in the same way as before. In particular, A(/l),!R^ and the generalized 
spectrum are defined on |Ja>i which is the whole Riemann surface of Vd. By ap¬ 
plying Prop.2.9 with Z\{£l) = L^(R'", and Z2(f2) = nr>o ^^^(R'"^ Thm.3.1 

immediately provides the next theorem, which is true for any m > 1. 

Theorem 4.5. Put X(f2) = Suppose that a potential V satisfies 

Eg. (13.81) for any a > 0. Then, the generalized resolvent is a X(Q)'-valued mero- 
morphic function on the Riemann surface of Vd for any (p 6 X(f2). In particular, the 
generalized spectrum consists of a countable number of generalized eigenvalues having 
finite multiplicities. 

Eor V given by Eq. (l4.14L the equation (d - T^)jJ = 0 is of the form 


0 = /j" + (A- V(x))m 


jj." -I- (d - h)n {a\ < X < a2), 

H" -I- dyu (otherwise). 


Suppose that 0,h. A general solution is given by 


' 

fioix) := ■ 


luiix) = + C2e-^^ 

H2{x) = + C4e-^^ 

li2{x) = 


(ai < X < a 2 ), 
{x < ai), 

(a 2 < x). 


(4.15) 


(4.16) 


The domain of the dual operator of the Eaplace operator is 1 Jq>i //^(R, e^^^^^dx). Thus 
we seek a solution in lJa>i H^(R, e~^‘‘^^^dx). We can verify that ^q{x) 6 lJa>i H^(R, e~^‘’^^^dx) 
if and only if 


yUi(ai) = H2(ai), yUi(a2) = //3(«2), d\{a2) = (4.17) 
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(a) 


(b) 



Fig. 3: (a) A potential V{x) given by Eq. (l4.14l) . When /z < 0, it is well known as a 
potential well in quantum mechanics, (b) The spectrum of T = -A + V for /z < 0 in 
L^(R)-sense, which consists of the continuous spectrum on the positive real axis and a 
finite number of eigenvalues on the negative real axis. 


This yields 

( 

[ 

[ 


- 

g- vna 2 

- 



V/z-dCie^“‘ - V/z-/lC2e“^“‘, 

Cie^ai+ C2e-^a2 

V/z-dCie^“2 - V/z-/lC2e~^“2, 


(4.18) 

(4.19) 


Once Cl and C2 are given, C3, ■ ■ • , Ce are determined through these equations. This form 
of lUo(x) with (I4.18L (14.191) gives a necessary condition for ju to satisfy the equation (id - 
A(A)K^)H = 0. 

The next purpose is to substitute Hq(x) into Eq. (l4.2l) to determine Ci, C 2 and A. Then, 
we obtain 


2 V^(Cie^^ + C2e“^0 


^jh-Ax 


- ‘IT- 


- 'fA{y-x) Idh^y 


(C,e^''-''y+ C2e-'^^)dy+ I + C2e-^"-^^)Jy I, 


f 

^ai 


dh^y , V/iTiyx 


for ai < X < a 2 . Comparing the coefficients of and in both sides, we obtain 


VTZj: . 


-VTZj: . 


,( yii-A- VTi)a2 


g-( yh-A+ ddA)a2 


0 


:Ci- 


h-A-yf^ 


Co 


„( VZ!-i+VTi)ai 


-{yh-A-d-A)ai 


0 = — 


:Ci + 




C 2 


(4.20) 

(4.21) 


and 


'sjh-Ax , 


-2 V^Ci = - 


/z 


^h-A - 


Cl + 


/z 


- 2 V^C 2 


/z 


:C 2 - 


'/z-T + 

^ Q. 


Cl, 


'/z - T + ^h-A- 
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Note that the last two equations are automatically satisfied. The condition for the first two 
equations to have a nontrivial solution (Ci, C 2 ) is 


2«a2-«,) ^ ( y/z - d - 


A 0,h. 


(4.22) 


Therefore, the generalized eigenvalues on the Riemann surface are given as roots of this 
equation. Next, when A = h, fii(x) in Eq. (l4.16l) is replaced by yUi(x) = Cix + C 2 . By a 
similar calculation as above, it is proved that fio(x) is a generalized eigenfunction if and 
only if a 2 - ai +2/ = 0. However, this is impossible because a 2 - ai > 0. Hence, 

A = his not a generalized eigenvalue. 

Note that Eq. (l4.22l) is valid even for h £ C. Eet us investigate roots of Eq. (l4.22l) for 
h < 0 (the case h > Ois investigated in a similar manner). 

Theorem 4.6. Suppose that h <0. 

(I) The generalized spectrum on the first Riemann sheet consists of a finite number of 
generalized eigenvalues on the negative real axis. 

(II) The generalized spectrum on the second Riemann sheet consists of 

(i) a finite number of generalized eigenvalues on the negative real axis, and 

(ii) an infinite number of generalized eigenvalues on both of the upper half plane and the 
lower half plane. They accumulate at infinity along the positive real axis (see EiglU). 

This is obtained by an elementary estimate of Eq. (l4.22l) and a proof is omitted. Put A = 
re We can verify that when 6 = -n (the negative real axis on the first Riemann sheet), 
generalized eigenvalues are given as roots of one of the equations 


tan[^(a 2 -Qi) , cot[^(a 2 - aO V-r -/?] =- ^ , (4.23) 

^ V-r - h ^ V-r - h 

which have a finite number of roots on the interval h < A < 0. These formulae are well 
known in quantum mechanics as equations which determine eigenvalues of the Hamilto¬ 
nian -A+ V (for example, see [HU). Indeed, it is proved in Prop.3.17 of [|3l that a point A 
on the first Riemann sheet is an isolated generalized eigenvalue if and only if it is an iso¬ 
lated eigenvalue of T in the usual sense (this follows from the fact that of = io(A-T)~^ 
on the first Riemann sheet). 

On the other hand, when Q = n (the negative real axis on the second Riemann sheet), 
Eq. (l4.22l) is reduced to one of the equations 


tan[i(a 2 -ai) V-r-/?l =- ^ , cot[^(a 2 - <3i) V-r -/?] = ^ , (4.24) 

^ xl-r-h ^ y-r-h 

which have a finite number of roots on the interval h < A < 0. The theorem (Il)-(ii) can 
be proved by a standard perturbation method. 

A straightforward calculation shows that the function D(/l, Vi, V 2 ) is given by 


D(d, Vi,y2) 


^Ih-A- VTi)a2-( 'Jh-A- VTi)ai 

4V^(V^^- ^^A)^ 




\ 

^h-A(a2-ai) 


/ 


(4.25) 
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(a) 


(b) 


X ■ ■ ■- I 

l^h 


X * • •—•— 


X^h 


Fig. 4: Generalized eigenvalues of T = -A + V on (a) the first Riemann sheet and (b) the 
second Riemann sheet. The solid lines denote the branch cut. 


Thus D(/l, vi, vi) = 0 gives the same formula as (14.221) . 

Next, let us consider the one dimensional potential 

w = ,, , Vo 6 C, (4.26) 

(cosh xY 

which is called the hyperbolic Poschl-Teller potential |l6l. This potential satisfies Eg. (13.81) 
for a = 1 and V 6 G(-a, a) for any 0 < a < njl. Thus, the generalized resolvent of 
H-\-K = -A+y is meromorphic on/’(l) = {/l| -1 < Im( Vd) < 1} when0 G L^(R, 
and meromorphic on 


{d 1 - 2n - 2a < arg(d) < 2a}, 

when (p G G(-a, a). In particular, is meromorphic on 

(4.27) 

G := {d 1 -3n < arg(d) < n). 

(4.28) 


if 0 G no<a<;r /2 G{-a, Of). Let US calculatc generalized eigenvalues on the region Cl. 

Recall that coincides with (d - r)“^ when -In < arg(d) < 0 (the first Riemann 
sheet), so that d is a generalized eigenvalue if and only if it is an eigenvalue of - A + V in 
the usual sense. It is known that eigenvalues d are given by 


V^ = +yyo + i-n-i, Re(V^)>0, n= 1,2,---. (4.29) 

It turns out that when Vq > 2, there exists a finite number of eigenvalues on the negative 
real axis, and when Vq < 2, there are no eigenvalues. 

In what follows, we suppose that -3;r < arg(d) < -2n or 0 < arg(d) < ;r to obtain 
generalized eigenvalues on the second Riemann sheet. Choose the branch of so that 
Re( V^) < 0. 
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Fig. 5: Generalized eigenvalues of T = -A + V on (a) the first Riemann sheet for the ease 
Vq > 2, (b) the seeond Riemann sheet for the ease Vo < -1/4. The solid lines denote the 
branch cut. 


Theorem 4.7. Generalized eigenvalues on the second Riemann sheet of Cl are given by 

= + -yjvo + Re(V^) < 0, n = 1,2,---. (4.30) 

When Vo > -1/4, there are no generalized eigenvalues (although Eg. (14.301) has roots on 
the ray arg(/l) = n, -3n). When Vo < -1/4, there exists infinitely many generalized eigen¬ 
values on the upper half plane and the lower half plane (see Figl5]). Note that Eqs. (l4.29l) 
and (14.301) are valid even when Vo 6 C. 


Proof. A generalized eigenfunction is defined as a solution of the equation n = 
where fi = iu{x) satisfies the differential equation 




Vo 


(cosh x)'- 


:)d = 0 - 


(4.31) 


Change the variables by p = + 1) ^ andp = (p - Then, the above equation 

is reduced to the hypergeometric differential equation of the form 


p(l - p)g'' + ic-ia + b- l))g' - abg = 0, (4.32) 

where 

a = 2 ~ "^^0 + ^5 b = 2 4 ’ ^ -l- 1. (4.33) 

Hence, a general solution of Eq. (l4.31l) is given by 

f(p):=p(x) = Ap^'^{l-p)^'^F{a,b,c,p) 

+5^-V=I/2(i 1^2-c,p), (4.34) 
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where F{a, b, c,p) is the hypergeometrie function and A,BeC are constants. Note that 
when a: ^ oo and a: ^ -oo, then p ^ 0 and p ^ 1, respectively. 

Fix two positive numbers /3 < a < njl. Put p_Q, = + 1)"^ and define the curve 

C on C, which connects 1 with 0, to be 

C = {p-a = + 1)“^ I - oo < X < oo}. (4.35) 


Lemma 4.8. If p is a generalized eigenfunction, f(p-a) is bounded as p^a ^ 0,1 along 
the curve C. 

Proof. Since p = A(A)K^p, p is included in the range of A(/l). Then, the estimate (13.211) 
(for y = 1 and 9 = -a) proves that p(xe~^") is bounded as x ^ +oo. By the definition 
of /, f(p-a) = p{xe- ^“). ■ 

Lemma 4.9. Suppose 0 < arg(/l) < 2a. Then, p^ ^ 0 as p-a 0 along the curve C. 
Proof. When X is sufficiently large, we obtain 

logp_„ = - log(e2^"+ 1) ~ - log = -2xe- (4.36) 

Put A = re ^“'8(2) and V^(arg(-i)+^)/2_ xhen, 

p^ = eV=Iiogp-„ _ exp[-2x 


When 0 < arg(/l) < 2cr, this tends to zero as x ^ oo (p_^ ^0). ■ 

Lemma 4.10. When 0 < arg(/l) < 2a, then B = 0 and r(a)r((?) = oo, where T is the 
gamma function. 

Proof. Due to the definition of the hypergeometrie function, we have F{a, b,c,0) = 1 . 
Then, Eq. (l4.34L Lemma 3.8 and Lemma 3.9 prove 

lim f(p-a) = lim BpZf^'^ < oo. (4.37) 

p-a-^0 P-a-^O 


This yields B = 0. Next, we obtain 


lim f(p-a) = lim A(1 - p_„)^^^F(a, Z?, c,p_„). 

p_„—»1 P-a—>i 


(4.38) 


It is known that F(a, b, c,p) satisfies 
r(c)r(c — a — b) 

F(a,b,c,p) = — -—- —F(a,b,a + b-c + l,l-p) 

r(c - a)r(c - b) 

+ (I - p)c-a-& r(c)r(a+ ^ c) ^^^ _a^c-b,c-a-b+l,l-p) (4.39) 
^(a)T(b) 

for any p. This formula is applied to yields 

lim f{p-a) = lim A(1 -- a,c - b,c - a - b + 1,1 -p-a). 

P-a->^ P-a-^1 1 (a)l (fi) 
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Since linip fip-a) is bounded by Lemma 3.8, we need r(a)r(b) = oo. ■ 

The gamma funetion r(A:) diverges if and only if x is a negative integer. This proves 
that Eg. (14.301) is a necessary condition for T to be a generalized eigenvalue when 0 < 
arg(T) < 2 q;. Sinee a < n/2 is an arbitrary number, the same is true for 0 < arg(/l) < n. 
The other case -3;7r < arg(/l) < 2n is proved in the same way by replaeing a with -a. 

Finally, let us show that Eg. (14.301) is a suffieient eondition. In our situation, the egua- 
tion fi = A{A)K^n is written as 

X oo 

e- V{ye Jy 

r\v^e^'>(y-^)V(ye^^)ju(ye^^)dy. 

\J —OO 

Note that this is also obtained by an analytie eontinuation of Eg. (14.21) . Putting rjg = 
+ l)-i provides 

Jpe 

r*pB 

where the integrals in the right hand side are done along the path C. Since 5 = 0, we 
obtain 


£1 

Vo 


fiPe) = 


Vo 


f^O 

F(a,b,c,pg) = p~£ \ T]f^F{a,b,c,rig)dri 0 

Jpe 

+(1 -pgp'^ (1 - 7j0)'^F(a,b,c,?j0)d7j0. (4.40) 


It is known that the hypergeometric function satisfies 


F(a, b, c,p) = (1 - pf “ '"Fie -a,c-b, c,p), 
c — 1 dF 

F{a,b,c,p) = --—-- - i,b - l,c - I,p). 


(a - l)(b - 1) dp 

By using them. Eg. (14.391) and r(a)r((7) = 0, we ean verify that Eg. (14.401) is reduced to 


(4.41) 

(4.42) 


- -^^F(a,(?,c,pe) = -—F(a,b,c+ l,p 0 ) - -^(1 -pe)F{a,b,c - l,pe). (4.43) 
Vo c Vo 

Then, the definition F(a, b, c,p) = 2r=o('^)«(^)n/((‘^)«^0p" of the hypergeometrie funetion 
proves that the right hand side of the above eguation eoineides with the left hand side for 
any pg. This implies that the function /(p) = p{x) given by Eg. (14.341) satisfies the eguation 
p = A(A)K^p when B = 0 and r(a)r((?) = 0. Therefore, Eg. (14.301) is a sufficient condition 
for T to be a generalized eigenvalue. ■ 
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Remark. For the Schrodinger operator -h^A. + V with the Planck constant h > 0, gener¬ 
alized eigenvalues on the second Riemann sheet are given by 



In particular, if Vq < 0 is independent of h, we obtain 



(4.45) 


This result coincides with the asymptotic distribution of resonances obtained by IfTlfT^. 
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